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A bosonic state is commonly considered nonclassical (or quantum) if its Glauber-Sudarshan P function is not 
a classical probability density, which implies that only coherent states and their statistical mixtures are classical. 

We quantify the nonclassicality of a single qubit, defined by the vacuum and single-photon states, by applying 
the following four well-known measures of nonclassicality: (1) the nonclassical depth, r, related to the minimal 
amount of Gaussian noise which changes a nonpositive P function into a positive one; (2) the nonclassical 
distance D, defined as the Bures distance of a given state to the closest classical state, which is the vacuum 
for the single-qubit Hilbert space; together with (3) the negativity potential (NP) and (4) concurrence potential, 
which are the nonclassicality measures corresponding to the entanglement measures (i.e., the negativity and 
concurrence, respectively) for the state generated by mixing a single-qubit state with the vacuum on a balanced 
beam splitter. We show that complete statistical mixtures of the vacuum and single-photon states are the most 
nonclassical single-qubit states regarding the distance D for a fixed value of both the depth r and NP in the whole 
range [0,1] of their values, as well as the NP for a given value of r such that r > 0.3154. Conversely, pure 
states are the most nonclassical single-qubit states with respect to r for a given D, NP versus D, and r versus 
NP. We also show the “relativity” of these nonclassicality measures by comparing pairs of single-qubit states: 
if a state is less nonclassical than another state according to some measure then it might be more nonclassical 
according to another measure. Moreover, we find that the concurrence potential is equal to the nonclassical 
distance for single-qubit states. This implies an operational interpretation of the nonclassical distance as the 
potential for the entanglement of formation. 

PACS numbers: 03.67.Mn 42.50.Xa 03.67.Bg 


I. INTRODUCTION 

One of the central problems of quantum theory, already 
raised by its founders nua, is the question of testing whether 
a given physical system cannot be properly described classi¬ 
cally. This problem has attracted special interest in quantum 
optics 0|6), quantum information GJ0, and recently even in 
quantum biology nmol- In this paper, we address the prob¬ 
lem of not only testing but also quantifying nonclassicality (or 
quantumness) of light or, more generally, of a bosonic system. 

In general, a state is referred to as nonclassical if its 
Glauber-Sudarshan P function hue) cannot be considered 
a classical probability density m. which means that it is 
not positive (semidefinite). In other words, a state that can¬ 
not be expressed as a statistical mixture of coherent states is 
called nonclassical. Otherwise the state is considered classi¬ 
cal. It is worth noting that if the P function is more singular 
than the Dirac (^-function (which is the case for, e.g., the Fock 
states), then it is also nonpositive. Thus, the nonpositivity of 
the P function is the necessary and sufficient condition for 
nonclassicality. 

There exist several criteria of nonclassicality. However, 
most of these criteria can only show a signature of nonclas¬ 
sicality. They do not provide any quantitative measure of the 
nonclassicality. Thus, they cannot be used to compare the 


amount of nonclassicality present in two different states. Be¬ 
sides the above-mentioned P-function-based criterion of non¬ 
classicality, all the finite sets of other criteria are sufficient but 
not necessary. Only an infinite set (or hierarchy) of nonclas¬ 
sicality criteria can be considered a sufficient and necessary 
condition of nonclassicality (see, e.g.. Ref. |14j|). Thus, these 
finite-set criteria of nonclassicality may be better viewed as 
witnesses of nonclassicality rather than measures of nonclas¬ 
sicality. This limitation of the existing criteria of nonclassi¬ 
cality is well known and several efforts have been made to 
quantify nonclassicality. These efforts led to the introduction 
of various measures of nonclassicality. 

For example, in 1987, Hillery introduced a distance-based 
measure of nonclassicality fl5l . Specifically, the trace dis¬ 
tance of a quantum state from the nearest classical state can 
be considered as a measure of nonclassicality associated with 
the given quantum state. This idea of distance-based measures 
has attracted considerable attention in quantum optics lfl6l - 
|20l . This intuitive definition is easy to understand but ex¬ 
tremely difficult to compute as it requires minimization over 
an infinite number of variables. Specifically, one needs to 
minimize over the set of all possible classical states in order to 
identify an optimal reference classical state that yields a min¬ 
imum distance with respect to a given nonclassical state. This 
is the main problem associated with the distance-based mea- 


2 


sures of nonclassicality. Because of this computational diffi¬ 
culty, until now the nonclassical distance has not exactly been 
computed for any nonclassical state according to the original 
definition. However, the computational difficulty associated 
with Hillery’s original measure can be circumvented by mea¬ 
suring the distance of a given nonclassical state from a specific 
class of classical states. This approach was adopted in a few 
works. For example, Marian et al. ITSl defined a simplified 
version of the Hillery nonclassical distance for a single-mode 
Gaussian state of a radiation field as the Bures distance be¬ 
tween the state and the set of all classical single-mode Gaus¬ 
sian states. Wtinsche et al. m\m measured the distance of 
a given state from the set of only coherent states. Specifically, 
they used the Hilbert-Schmidt distance of a pure state p from 
the coherent states as a quantitative measure of nonclassical¬ 
ity of p ED. Almost in the similar line, Mari et al. ED intro¬ 
duced a measure of nonclassicality of a state p in terms of its 
trace-norm distance from the set of all states having the posi¬ 
tive Wigner function. Strictly, speaking this quantifier of non¬ 
classicality is not a proper measure since some nonclassical 
states do have positive Wigner function (as discussed below 
with respect to a nonclassicality volume). Similarly, Dodonov 
and Reno lf20l used the Hilbert-Schmidt distance from the set 
of all displaced thermal states as a quantitative measure of 
nonclassicality. These measures are naturally free from the 
problem that arises due to the minimization over the set of 
arbitrary classical states. 

In 1991, Lee ll22l introduced a quantitative measure of non¬ 
classicality which is usually referred to as nonclassical depth. 
It is well known that noise can destroy nonclassicality. Lee 
used this property to define the nonclassical depth as the min¬ 
imum amount of noise required to destroy the nonclassicality. 
This measure is not continuous and for every non-Gaussian 
pure state it is always equal to 1 1231 . As a consequence, one 
cannot use this measure to compare the amount of nonclassi¬ 
cality present in two non-Gaussian pure states. The nonclassi¬ 
cal depth was applied in dozens of papers (see, e.g.. Refs. El- 
23 and for reviews see Refs. EESD). 

In 2004, Kenfack and Zyczkowski l27l introduced the con¬ 
cept of the nonclassical volume, which is a quantitative pa¬ 
rameter of nonclassicality corresponding to the volume of the 
negative part of the Wigner function. A non-zero value of the 
volume definitely indicates the existence of nonclassical state, 
but this volume is not useful as a measure in general, since the 
Wigner function cannot detect the presence of nonclassicality 
in all quantum states. Specifically, the Wigner function of a 
squeezed coherent state is not negative. As a consequence, 
the nonclassical volume vanishes for all squeezed coherent 
states, although they are nonclassical according to the defi¬ 
nition based on the nonpositivity of the P function. This ex¬ 
ample implies that, in general, the nonclassical volume is not 
an appropriate measure of nonclassicality. 

Various other methods to test (or witness) nonclassicality 
(see. Ref. fH) and references therein) and quantify it 12814301 
have been developed by Vogel et al. In particular, the nonclas¬ 
sicality witnesses El , based on the matrices of the normally- 
ordered moments of, e.g., annihilation and creation opera¬ 
tors, have attracted considerable interest as an infinite set of 


observable conditions corresponding to a necessary and suf¬ 
ficient condition for nonclassicality. Various generalizations 
have been studied, including tests of spatiotemporal nonclas¬ 
sical properties of multimode fields IMS). Moreover, this 
approach was the inspiration to introduce entanglement wit¬ 
nesses based on the matrices of moments of annihilation and 
creation operators of the partially-transposed density matri¬ 
ces 01031 (for generalizations see, e.g.. Refs. j36ll37| ). The 
relations between these entanglement and nonclassicality cri¬ 
teria were also studied in detail (see, e.g.. Ref. |[32l ). Note that 
the majority of these works have solely described nonclassi¬ 
cality (or entanglement) witnesses rather than nonclassicality 
measures. Only the more recent works of Vogel et al. (see, 
e.g.. Refs. (2814301 ) were focused on quantifying nonclassi¬ 
cality. For example, an experimentally-accessible method to 
determine a degree of nonclassicality was recently described 
in Ref. J30]. 

With the advances in quantum computation and informa¬ 
tion, many measures of entanglement (which is a specific 
manifestation of nonclassicality) have been studied. Unfortu¬ 
nately, measures of entanglement cannot be applied directly 
to all nonclassical states. For example, nonclassicality of 
single-mode states cannot be measured directly by using a 
measure of entanglement. Interestingly, an indirect way to 
use measures of entanglement as measures of nonclassicality 
was suggested by Asboth et al. l38l . Specifically, if a single¬ 
mode nonclassical (classical) state is combined with the vac¬ 
uum at a beam splitter, then the output state will be entan¬ 
gled (separable), for which various entangled measures can 
be applied. For example, in the original Ref. (38), the rel¬ 
ative entropy of entanglement and the logarithmic negativity 
(referred to as entanglement potentials) were applied as mea¬ 
sures of entanglement produced at the output of a balanced 
beam splitter as the result of combining a nonclassical state 
with the vacuum. In principle, one can use any other measure 
of entanglement (e.g., the concurrence related to the entan¬ 
glement of formation) to measure nonclassicality using this 
approach. Recently, Vogel and Sperling (29) studied the ap¬ 
proach in Ref. |38.| to measure nonclassicality based on the 
Schmidt rank as an entanglement potential. Note that this 
measure based on the Schmidt rank is discontinuous (analo¬ 
gously to the nonclassical depth, as it is explained in detail in 
Sec. Ill A). Here we apply the continuous entanglement po¬ 
tentials, which are based on the negativity and concurrence. 

It is important to clarify our usage of the term entangle¬ 
ment potential, which is more general than that used in the 
original Refs. EDEU- Specifically, we use this notion by 
referring to any entanglement measure applied to the output 
of the auxiliary beam splitter used in Ref. (38] , Thus, in our 
understanding, the following measures can be considered as 
special cases of entanglement potentials: the negativity and 
concurrence potentials, as well as those based on (i) the log¬ 
arithmic negativity, (ii) relative entropy of entanglement, and 
(iii) Schmidt numbers. However, strictly speaking, Asboth et 
al. (38) referred solely to the measure (i) as the entanglement 
potential, while to the measure (ii) as the entropic entangle¬ 
ment potential. Moreover, Vogel and Sperling |29] are not 
referring to the measure (iii) as an entanglement potential at 


3 


all. 

We analyze the nonclassicality of states only. Note that 
the nonclassicality of operations (see, e.g.. Refs. EMI) can 
also be studied by applying various measures. 

The discussion above shows that there exists a large number 
of quantitative measures of nonclassicality. However, none of 
the measures can be considered as superior as all of them have 
some limitations and different physical (or operational) inter¬ 
pretations. Here we discuss the relativity of a set of nonclas¬ 
sicality measures which can be observed even for the simplest 
nontrivial case of a single qubit defined as a coherent or inco¬ 
herent superposition of the vacuum and single-photon states. 
We also report our analytical solutions for the Lee nonclassi- 
cal depth, the negativity potential, and the Hillery nonclassi- 
cal distance. The latter is found to be equivalent to the con¬ 
currence potential. Further, we find boundary states, which 
are maximally nonclassical states according to one nonclas¬ 
sicality measure for a given value of another nonclassicality 
measure. 

It is well known, and already confirmed experimen¬ 
tally |j42l , that statistical mixtures of the vacuum and single¬ 
photon states are nonclassical (except for the vacuum). We 
find, which is the most important result of this paper, that 
such statistical mixtures can be more nonclassical than coher¬ 
ent or partially incoherent superpositions of the vacuum and 
single-photon states. This can be noticed by comparing their 
nonclassicality for two chosen measures. 

For the clarity of our presentation, we analyze the 
algebraically-simplest nonclassical states, i.e., single-qubit 
states, which can be written in a general form in the Fock 
basis as follows: 


p{p, x) = {,Omn ] 


1 — p X 
X* p 


(1) 


where the parameters arep £ [0,1], \x\ £ [0, ^/p( 1 — p)\, and 
to, n = 0,1. 

The paper is organized as follows. In Sec. II, we recall 
the definitions of four popular nonclassicality measures. And, 
more importantly, we find analytical formulas for these mea¬ 
sures for arbitrary single-qubit states. In Sec. Ill, we present 
the main results of this paper, which show the relativity of 
ordering states with respect to their degree of nonclassical¬ 
ity. We also demonstrate that the nonclassicality of mixed 
states can exceed that of superposition states. We conclude 
in Sec. IV. 


II. NONCLASSICALITY MEASURES FOR 
SINGLE-QUBIT STATES 


the f?-function used by Lee. Then we find a compact formula 
for the nonclassical depth for arbitrary single-qubit states. 

We start from the Fock-state representation of the s- 
parametrized QPD, for an arbitrary-dimensional 

state p as 1431 

OO 

W^(a) = Y, Pmn(nY s \a)\m), (2) 

m,n=0 


given in terms of 

(n\T^(a)\m) = c J—v m ~ n+1 z n (a* ) m ~ n L™'~ n (x a ), 

V ml 

(3) 

where s £ [—1, L], c = ^ exp[—2|a| 2 /(l — s)], x a = 
4|a| 2 /(l — s 2 ), y = 2/(1 — s), z = (s + l)/(s — 1), and 
L/(.z'„) are the associate Laguerre polynomials l44l . In spe¬ 
cial cases, Lq(Xo,) = 1 and L\(x a ) = 1 + k — x a . More¬ 
over, a is a complex number, where its real and imaginary 
parts can be interpreted as canonical position and momen¬ 
tum, respectively. The operator T^ s \a) is defined in the 
Fock representation by Eq. ([3]) or, equivalently, by the formula 
T( s \a) = ^yz( ai ~ a *)( a - a \ where a (a^) is the annihila¬ 
tion (creation) operator. In the special cases of s = —1,0,1, 
the QPD (a) becomes the Husimi Q, Wigner IT, and 
Glauber-Sudarshan P functions, respectively. 

For a general single-qubit state, Eq. ([2]) reduces to 

ir (s) (a) = cy[p 00 + z( 1 - x a )pn + 2yRe(ap 01 )}. (4) 

As already explained, the standard definition of nonclassi¬ 
cality is based on the nonpositivity of the P function. The 
s-parametrized QPDs can be used to quantify the degree of 
nonclassicality. For example, the concept of the nonclassical 
depth of Lee ll22l can be easily understood by recalling the 
relation between two QPDs, and with s 2 < ST 

W is2 \a) =c>j exp W (si) (/3) d 2 /3, (5) 

where c' = 2/[7 t(si — s 2 )]. It is seen that all the QPDs can 
be obtained from the P function (si = 1) by its convolution 
with the Gaussian noise. By decreasing the parameter s from 
1, the P function for a given nonclassical state becomes non¬ 
negative at some value (say so). This is because the Husimi 
function (s = —1) is non-negative for any state. The Lee 
nonclassical depth r is simply related to this Cahill-Glauber 
parameter so, viz. r = (1 — so)/2. 

From the QPD, given by Eq. 0, for a general single-qubit 
state, we can write that 


A. Nonclassical depth 

Here recall the concept of the nonclassical depth r intro¬ 
duced by Lee ll22l [24) (for a review see Ref. 0 and refer¬ 
ences therein). We present the definition of r in a slightly 
different form as based on the standard Cahill-Glauber s- 
parametrized quasiprobability distribution (QPD) rather than 


!-so 1 1 . / 

r = --mms_(a), (6) 

where 

s_(a) = 1 + [2Re(aa;) — p] — \/[2R.e (ax) — p} 2 — 4p|a| 2 . 

(7) 
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We found analytically the minimum of Eq. ([6]), which leads 
to the following simple general formula for the nonclassical 
depth of an arbitrary single-qubit state, given in Eq. 0: 


T[p(p,x)] 


Pii 


Pn - IpoiI 


p 


2 


p — \x\ 2 ' 


( 8 ) 


assuming p £ (0,1] and |*| £ [0, y/p( 1 — p)}. While for 
p = 0, the formula is simply given by r[p( 0, 0)] = 0. 


B. Entanglement potentials 

Here we study the negativity and concurrence potentials as 
measures of nonclassicality based on the unified description of 
nonclassicality and entanglement by applying a beam-splitter 
(BS) transformation as introduced in Ref. l38l . 

The BS transformation can formally be described by the 
Hamiltonian H = \(a)b + ab 1), where a = |0)(1| = 
[0,1; 0,0] and, analogously, b are the annihilation operators 
of the input modes. The unitary transformation Ubs = 
exp(— iHt) in the four-dimensional Hilbert space can be writ¬ 
ten as 

'10 0 O' 

TT _ 0 cos(£/2) — isin(f/2) 0 Q . 

0 —i sin(f/2) cos(t/2) 0 ’ W 

.00 01. 

where, for simplicity, we set h = 1. In general, T = 
cos 2 (f/2) and R = sin 2 (f/2) correspond to the BS transmit¬ 
tance and reflectance, respectively. A balanced beam splitter 
(with T = R) corresponds to the evolution time t = 7r/2. 

The state p out , which is the output of the BS with a general 
single-qubit state p, given in Eq. (|T|, and the vacuum at the 
two input ports, is given by 


Recall that the negativity for two qubits is given by a 

N{p out ) = max[0, -2mineig(p B ut )], (13) 


which is proportional to the negative eigenvalue of the ma¬ 
trix p B ut corresponding to the partial transpose of p out with 
respect to one of the qubits. Thus, it is seen that the nega¬ 
tivity corresponds to the Peres-Horodecki separability condi¬ 
tion based on the partial transpose l45l [46i l. The negativity 
[or more precisely the logarithmic negativity, log 2 (N + 1)] 
has an operational interpretation as the entanglement cost un¬ 
der operations preserving the positivity of partial transpose 
(PPT) ll47ll48B . It was also shown that the number of entangled 
degrees of freedom of two subsystems can be estimated from 
the negativity l49l . Thus, in analogy to these interpretations, 
the NP can be also referred to as the entanglement potential 
for the estimation of entangled dimensions or the potential for 
the PPT entanglement cost. 

We find that the NP for an arbitrary single-qubit state 
p(p, x) can be given by the following formula: 


NP[p(p,a;)] = 


2Re 


\J 2V^T T 2a 2 j + P — 2 


(14) 


where 


ai = a 2 — 2[5(p — l)p + 6|tc| 2 + 2] 3 , 

a 2 = 14p 3 - 21p 2 + 15p + 9(p - 2)lxj 2 - 4. (15) 

This solution was found by solving the following equation for 
the negativity EDI: 

48 det p r + 3 N 4 + 6N 3 - 6N 2 ( n 2 - 1) 

-4iV(3n 2 - 2n 3 - 1) = 0, (16) 


Pout = Ubs{p <8 | 0 )( 0 |)t 4 s- 
In the special case for the balanced BS we have 

0 


Pont(p,x) = 


l ~p 7^ ix 73 * 

(75 ix * 5 P -\ { P 0 

75 x * \ip \p 0 


0 


0 


0 0 


( 10 ) 


( 11 ) 


The output state is entangled (except when the input is in the 
vacuum state) as can be verified by applying entanglement 
measures. Here we apply the negativity N and concurrence C 
for the BS output state p 0 ut, which can be interpreted as non¬ 
classicality measures referred to as entanglement potentials of 
an input state p. 


which is given in terms of the measurable and invariant mo¬ 
ments n„ = Tr[(p r )"]. The negativity is given by a much 
more complicated formula than those for any other nonclas¬ 
sicality measures studied here. Surprisingly, a direct calcu¬ 
lation of the eigenvalues of /)J mt can result even in a more 
complicated formula. Of course, Eq. ( p~4] > can be consider¬ 
ably simplified in special cases. For example, the NP for 
p 1 = p[p = 1/8, a; = 1/4) reads 


NP(p') = j-\/26cos 11 7T — arctg^ggv/38^J | (17) 


The NP for other special states, which are important in our 
comparisons, are analyzed in Sec. III. 


1. Negativity potential 

The negativity potential (NP) of a single-mode input state 
p can be defined as the negativity N of the two-mode output 
state p ou t, i.e., 

( 12 ) 


2. Concurrence potential 

In analogy to the NP, the concurrence potential (CP) of a 
given single-qubit state p can be given in terms of the concur¬ 
rence C of the two-qubit output state p ou t, viz., 

CP(p) = C(p ou t). 


NP (p) = N( Pout ). 


( 18 ) 
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The concurrence for a general two-qubit system is defined 

as 11511 : 

C(p out ) = max jo, 2 max A, - ^ At} > ( 19 ) 

3 3 

where {A^} = eig[p out (cr 2 ( 8 ) a 2 )p* ont (a 2 8 cr 2 )], and o 2 is the 
Pauli operator. This measure is monotonically related to the 
entanglement of formation, Ep, as follows E): 

Ep = h (±[1 + VT^C^]) , (20) 

which is given via the binary entropy h(x) = —x\og 2 x — 
(1 — x) log 2 (l — x). Thus, the CP can also be referred to as 
the potential for the entanglement of formation. A direct cal¬ 
culation of the CP of p(jp, x) leads us to a particularly simple 
formula 

CP \p(p, s)] = 1 - <00| Pout |00> = p u = p, (21) 
forp e [0, 1] and \x\ G [0, y/p( 1 — p)]. 

C. Nonclassical distance 

Here we calculate the nonclassical distance D, which is the 
Hillery measure of nonclassicality (see, for a review. Ref. El 
and references therein) for a specifically chosen set of classi¬ 
cal states. We also show that this distance is equivalent to the 
CP for single-qubit states. 

The nonclassical distance D of a state p can be defined as 
the distance of p to the nearest state from the set of all classical 
states C as El Q]D: 


It should be stressed that we look for the classical (or, least 
nonclassical) states, belonging to the Hilbert space of an in¬ 
vestigated finite-dimensional system. Here we analyze the 
Hilbert space of a single qubit, defined as a superposition of 
the vacuum and single-photon Fock state. In this case the only 
classical state is the vacuum. Thus, we set a = |0)(0|, then 
F(p , |0)) = poo = 1 — p. Thus, it is seen that such defined 
nonclassical distance is exactly equal to the CP, 

D[p{p, x)\ = CP \p(p, x)] = p, (26) 

for any values of p G [0,1] and |x| G [0, y/p( 1 — p)\. This 
correspondence provides another quantum information inter¬ 
pretation of the nonclassical distance. 

We emphasize again that a nonclassical distance can be de¬ 
fined differently, both by choosing another distance measure 
and by extending the class C of classical states, for which 
the minimization is performed. For example, in the origi¬ 
nal papers of Hillery (131 [52], the trace norm was used as 
a distance measure. While Dodonov et al. EHI3I2Q1 ap¬ 
plied the Hilbert-Schmidt distance. Moreover, the Kullback- 
Leibler distance l63l . which is also known as information di¬ 
vergence, information gain, or relative entropy, can also be 
applied for quantifying nonclassicality, in analogy to the en¬ 
tanglement measures based on the relative entropy of entan¬ 
glement (59ll64ti68l . 

HI. COMPARISON OF NONCLASSICALITY MEASURES 

In general, for any single-qubit state p = p(p,x), the fol¬ 
lowing inequalities hold 


D(p) = l min V\{p, a). (22) 

In this paper, and contrary to the original Refs. EJE2, we 
assume the distance to be the Bures metric Db{p , er) f53l . or 
equivalently the Helstrom metric (54], which is simply related 
to the fidelity F(p , er) as follows 

Vl(p,a) = 2[l-y/F(p,cT)]. (23) 

The fidelity is defined as (55l 

F{p, er) = (Tr, (24) 

which can also be interpreted as a transition probability (56i . 
or a quantum generalization of the Fisher information metric. 
Several methods for measuring or estimating the fidelity are 
known (see Ref. (57l and references therein). The fidelity for 
single-qubit states simplifies to 

F{p, a) = Tr (pa) + V(1 - Trp 2 )(l - Tnx 2 ). (25) 

We mention that the Bures distance can be applied in quanti¬ 
fying not solely nonclassicality m. It has also found appli¬ 
cations as indicators or measures of, e.g., state distinguisha- 
bility (58], quantum entanglement (591160 1. quantum critical¬ 
ity ED, and light polarization f62l . 


r(p) > D(p) = CP(p) > NP(p). (27) 

The left-hand inequality in Eq. ( f27) can be deduced by com¬ 
paring explicitly the general expression for r and I), given 
by Eqs. ([8] and ( |26| ), respectively. The right-hand inequal¬ 
ity in Eq. (27j ) is equivalent to the well-known inequality 
C(p') > N(j:> ) for the concurrence and negativity for arbi¬ 
trary two-qubit states p'. Thus, in particular, for the states 
Pout generated by the BS from a single-qubit state p and the 
vacuum. Table I lists all four special cases of these inequali¬ 
ties, together with examples of states satisfying these cases. 

In the following we analyze all the boundary states shown 
in Figs. 1 and 2, and discuss the relativity of nonclassical mea¬ 
sures (see Tables II and III, and Fig. 3). 


TABLE I: Examples of states satisfying all four special cases of 
the inequalities given in Eq. 27 1 , where po = p(|, j), pp(p) = 
p\p, \/p{ 1 — p)\ is a pure state, and pm (p) = p(p, 0) is a completely 
mixed state. 


Case 

Nonclassicality measures 

Examples of states p 

1 

r(p) = D(p) = NP(p) 

|0),|1) 

2 

r(p) > D(p) > NP(p) 

Po 

3 

r(p) > D( P ) = NP(p) 

Pp (p) for P £ (0,1) 

4 

r(p) = D(p) > NP(p) 

Pm (p) forp € (0,1) 
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FIG. 1: (Color online) Allowed values of the nonclassicality measures for single-qubit states: (a) nonclassical distance D versus nonclassical 
depth t, (b) negativity potential NP versus t, and (c) D versus NP. The points correspond to a Monte Carlo simulation of 10 5 states p. Each 
point is plotted for [D(p),r(p)\ in (a) and analogously for panels (b) and (c). The vertical broken line in panel (b) is plotted at to ~ 0.3154. 
The boundaries are given by pure states pp [vertical red lines in the far right of (a) and (b), and the red diagonal line in (c)], completely mixed 
states pM (solid red upper curves), as well as partially mixed states (bottom broken lines) and p opt [corresponding to blue points right 
above the curve for pM in (b)]. In (b), it is barely visible that pm is not the upper bound for r < tq. Thus, this region is magnified in Fig. 2(a). 
Note that, in a mathematical sense, there are no states corresponding exactly to the broken lines at the bottom of (a) and (b) for 0 < r < 1 and 
D = NP = 0. However, one can find states being arbitrarily close to these lines. 


A. Boundary states 

Figure 1 shows the nonclassicality regions for arbitrary 
single-qubit states. The points [X(p), Y{p)\ in these regions 
are obtained for the generated 10 5 states p by performing a 
Monte Carlo simulation. Here X and Y correspond to chosen 
nonclassicality measures. Thus, by analyzing these graphs in 
Fig. 1, one can say that some states are the most or least non¬ 
classical in terms of a measure X for a given value of a mea¬ 
sure Y. 

Here we analyze the special cases of the general single¬ 
qubit state p, which correspond to the single-qubit boundary 
states shown in Figs. 1-3. We calculate the above-defined non¬ 
classicality measures for these states. In the Appendix, we 
present the proofs that they are indeed the boundary states. 

1. Pure states 

Equation (llj) for x = y/p{ 1 — p) reduces to a pure state 

Pp = IV’pXV’pI. where 

1 4> P ) = \A -p|°) + vfI 1 )- (28) 

The BS output state for the input states | i/j p ) and 10), is simply 
given by 

IV’out) = n/T^fIOO) + ^/idlO) - i|01». (29) 

By recalling that 

C(IV’out)) = iV(l^out)) = 2|c 0 oCn - C 01 C 10 I (30) 

for a general two-qubit pure state | tjj) = n=0 x c rnn \ rnn) , 

where c mn are the normalized complex amplitudes, one can 


obtain the nonclassical measures as follows 

NP(IV’p)) = DQijjp)) = pn = p. (31) 

By contrast to these equal measures, the nonclassical depth 
for a pure state reads 

t(\ ftp)) = 1 - <5 P ,o, (32) 

in terms the Kronecker delta 4 ;j (J . In the special cases of 
the vacuum and single-photon states, this formula reduces 
to the known results ffl. It is clearly seen that the depth 
r is discontinuous, as t[\i/j(p = 1))] = r(|0)) = 0, while 
r[\tjj(p > 0))] = 1, even for p very close to zero. Note that 
also the entanglement potential based on the Schmidt number 
is discontinuous. 

Pure states are the boundary states in the three panels of 
Fig. 1 for the whole range [0,1] of the ordinate. In partic¬ 
ular, they correspond to the lower bound of the nonclassical 
distance versus NP. Note that we are analyzing the potential 
based on the negativity rather than the logarithmic negativity, 
as suggested and applied in Ref. J38). Thus, the lower bound 
in Fig. 1(c) is given by a straight line, which would not be the 
case otherwise. 


2. Completely mixed states 

In another special case, Eq. (JTJ for x = 0 describes a com¬ 
pletely mixed state, 

PM = (l-p)|0)(0|+p|l)<l|, (33) 

i.e., a statistical mixture of the vacuum |0) and single-photon 
state |1). Thus, we have 

r(p M ) = D(pm) = P- 


(34) 
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FIG. 2: (Color online) (a) The inset of Fig. 1(b) showing, in greater 
detail, the boundaries for the NP versus nonclassical depth r. These 
boundaries are reached by the partially mixed optimal states p opt for 
t < To and completely mixed states pM for t > tq. For clarity, 
we do not plot here points corresponding to our Monte Carlo simu¬ 
lation shown in Fig. 1. (b) Optimal parameters p opt = <l|Popt|l> 
and * op t = |(0|p op t|l}| as a function of r. These parameters are 
discontinuous at r = to, but, for clarity, we have plotted the red and 
green vertical connecting lines at this point. 


The NP for any mixed state pm(p) can be found from the gen¬ 
eral formula given in Eq. ©■ but here we apply a more ex¬ 
plicit and intuitive derivation. Specifically, if the input qubit 
state is completely mixed, then one finds that the BS output 
state reads 


Pout(p,0) = Ubs[pm(p) ® |0)(0|]t4 s 

= phr>$-| + (l-p)|00>(00|, (35) 

where | tjj~) = (110) — i 101)) / a/ 2 - This is the statistical mix¬ 
ture of a maximally entangled state and a separable state or¬ 
thogonal to it, which is often referred to as the Horodecki 
state QD- Such mixtures are often studied in the comparisons 
of various entanglement and nonlocality measures 1651 [67<- 


|70l . Thus, the NP for a mixed pm(p) reads as 
NP(pm) = N\p out (p, 0)] = \/(l -p) 2 +p 2 -(l-p). (36) 

Completely mixed states are the boundary states shown in the 
three panels of Fig. 1. However, it is worth noting that they 
are not extremal for the whole range of r in Fig. 1(b), which 
is shown in detail in Fig. 2(a) and discussed in the next para¬ 
graph. 


3. Partially mixed optimal states 


A preliminary analysis of Fig. 1(b) can lead to a conjec¬ 
ture that: completely mixed states p M correspond to the up¬ 
per boundary of the NP for an arbitrary value of the depth 
r £ [0,1], However, a closer scrutiny of Fig. 2(a), which is 
the inset of Fig. 1(b), indicates that pM is the extremal state 
only for r > r 0 . This critical value is r 0 « 0.3154, as marked 
by the vertical broken lines in Figs. 1(b) and 2. By contrast to 
this, there are other states exhibiting higher nonclassicality if 
r < To- Thus, let us define the following partially mixed state 

Popt(l-) = p\Popt(T),Xopt(T)], (37) 

where x 2 pt (r) = p 0 pt(f) — Popt( r )/ r ’ which corresponds to 
the maximum NP for a given r [as shown in Fig. 2(a)], i.e., 

NP(p 0 pt(T)) = maxNP[p(p, y/p-p 2 ^ 1 )]. (38) 

p 


The optimal matrix elements p opt and ,x' opt are shown as a 
function of r in Fig. 2(b). These elements can easily be 
obtained by numerically maximizing Eq. (14 1 , with x | 2 = 
p — p 2 /r, for a given r. It is seen that p opt = r and a; op t = 0 
for r > To, thus p 0 pt becomes pM in this range of t. Unfortu¬ 
nately, we have not found a compact-form analytical expres¬ 
sion for p 0 p t for r < t 0 . 


4. Partially mixed states with nonzero t for vanishing D and NP 

We also analyze the state p(j>, x) defined in the right-hand 
limit p —y 0+ with properly chosen x as follows: 

P+( T o) = lim p(p,x 0 ), (39) 

p-t0+ 


where 


x 0 = sj (1 “F p Tq 1 p)p(l-p), (40) 

assuming To £ (0,1], Note that pure states with To = 1 can 
also be considered here. To be more explicit, let us analyze 
the special case of p(p, xq), when t 0 = 1/2 and 

P = D[p(p,x 0 )] = 10" n =» r[p(p,x o)] = 9 _ | Q _ n , (41) 

for n = 0,1, 2,... < oo. It is seen that the nonclassical depth 
is approaching the chosen nonzero value tq = 1/2 at the same 
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rate as the nonclassical distance is vanishing. In general, we 
can write: 


T [p+( 7 'o)] = lim t[p(p,x 0 )] = t 0 , 

p-t o+ 

N p [p+(r 0 )] = lim NP[p(p,x 0 )] = 0, 

p->o+ 

D[p+(t, o)] = lim D[p(p,x 0 )] = 0. (42) 

p->0+ 

Thus, this state approaches the lower bound of the distance D 
versus depth r [shown as the bottom broken line in Fig. 1(a)] 
and the NP versus depth r [see bottom of Fig. 1(b)]. Be¬ 
cause of the discontinuity of the depth r, these lower bounds 
in Figs. 1(a) and 1(b) are not exactly reached, as indicated by 
the broken lines. This is also reflected in the definition of p + 
given by the right-hand limit in Eq. ( |39| >. Thus, strictly speak¬ 
ing NP(p) = 0 (or, equivalently, D(p) = 0) for a given state 
p if and only if r(p) = 0. This is because all these quantities 
are measures (rather than only witnesses) of nonclassicality, 
and thus they give the necessary and sufficient conditions for 
the nonclassicality of an arbitrary single-qubit state p. 


B. Mixtures of states can be more nonclassical than their 
superpositions 


The analysis of Fig. 1 can lead to the conclusion that the 
completely mixed states pm are the most nonclassical single¬ 
qubit states with respect to: (i) the distance D for a given 
value of the depth r £ [0,1], (ii) D for a fixed value of the 
NP £ [0,1], and (iii) the NP for a given value of r £ [to, 1], 
Conversely, pure states pp are the most nonclassical single¬ 
qubit states regarding r versus D, r versus NP, and NP ver¬ 
sus D. 

This interpretation of the maximum nonclassicality of 
mixed states should not be confused with the following con¬ 
clusion that dephasing could increase the nonclassicality. 
Such dephasing results in decreasing the off-diagonal term 
x, while keeping the diagonal terms unchanged. Specifically, 
one can observe that 


r\pp(p)\> t\p(j>,x)\ >t[ Pm (p)\, 

NP[p P (p)] > NP[p(p, x)\ >NP[p M (p)], 
d \Pp(p)\= D [p(P,x)\ = D[p M (p)}, (43) 


for any x £ [0,1], It is seen that by decreasing x, also 
r[p(p,x)\ and NP[p(p, a;)] decrease, while only D[p(p,x)\ 
remains unchanged. Thus, in this interpretation based on the 
inequalities in Eq. (43 1 , a mixed state pm (p) is not more non¬ 
classical than a pure state pp(p) assuming the same element p. 


C. Relativity of nonclassicality measures 


The nonclassicality measures can give different predictions 
not only concerning the absolute values, but more importantly. 


Our reverse conclusion about mixed states, which are more 
nonclassical than superposition states (including pure states), 
refers to another comparison. To show this more explicitly, we 
express p(p, x) in terms of some nonclassicality measures in¬ 
stead of the parameters p, x. In particular, by inverting Eq. ([8]) 
for r = r\p(p, a;)] and by applying D = D[p(p, at)] = p, one 
can express a general single-qubit state (assuming real x ) in 
terms of these nonclassicality measures, i.e., 


p{p,x) = p'{D,r) 


1 - D VD - PV- 1 
VD - D 2 t~ 1 D 

(44) 


where r £ [0,1] and D £ [0, r]. Analogously, we can ex¬ 
press p(p, x) in terms of other pairs of nonclassicality mea¬ 


sures, e.g., 


p(p,x) = p"(N,r) = p"'(N,D), (45) 

where N = NP[p(p, a;)], although the expressions will be 
much more complicated here. Analogously, we introduce the 
symbols p' M , p'Z, and p'Z, denoting the mixed state pm, which 
is expressed via the nonclassical measures analogously to p', 
p ", and p'", respectively. Note that the assumption of real 
x follows from the property that the nonclassical measures r 
and NP depend solely on the absolute value of x, while D is 
completely independent of x. 

Thus, for a given value of the nonclassical depth, say t\ £ 
[0,1], one can observe that 

D\p' M {D^)} > D[p\D',Tf)\ , (46) 

where D' £ [0,Ti] and Di = T|. For a given value of the 
depth T\ £ [to, 1], where to = 0.3154, one finds that 

NP[p" (N 1>n )] > NP[p"(./V",T 1 )], (47) 

where N" £ [No, Mi] and N t = ^(1 - n ) 2 + rf - (1 - rf) 
for i = 0,1. Moreover, for a given value of the NP, say Mi £ 
[0,1], one observes that 

DipZtD^N,)} > D[p"'(D"', Mi)], (48) 

where D'" £ [Mi, 1] and here D\ = ■y / 2Mi(l + Mi) — Mi. 
All these three inequalities show that completely mixed states 
can be considered as the most nonclassical single-qubit states 
for a fixed value of a proper nonclassical measure, as shown 
in the corresponding panels of Fig. 1. 


regarding the ordering of states. In other words, by comparing 
two states we cannot usually judge which of them is more 
nonclassical. 

It is somehow surprising that any pure state (different from 
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nonclassical depth t nonclassical depth t negativity potential NP 


FIG. 3: (Color online) Particular single-qubit states p n defined explicitly in Table II and plotted in analogy to Fig. 1. As in Fig. 1, here the 
boundaries are given by pure states pp, completely mixed states pm, together with the partially mixed states p+ and p op t- There are no states 
corresponding exactly to the broken lines and empty circles. Any inequality listed in Table III can be satisfied by properly choosing pairs of 
these states. This analysis demonstrates the relativity of nonclassicality measures. 


TABLE II: Definition of states p n , also shown in Fig. 3, and the ana¬ 
lytical values of their four nonclassicality measures. These states are 
chosen for discussion of the relativity of the nonclassicality ordering 
of general states. 


state p n 

t(p) 

D(p) = CP(p) 

NP(p) 


Po 

= P(U) 

4 

7 

1 

2 

C0S(§7T) - 

1 

2 

Pi 

=|1)(1| 

l 

l 

1 


P2 

= Pm[|(\/6 - 

■1)]. s(V6- 

l) |(V6-i) 

1 

2 


P3 

= Pm(§) 

1 

2 

1 

2 

§(V2- 

i) 

Pi 

= pp(!) 

l 

1 

2 

1 

2 


PS 

= pm(I) 

4 

5 

4 

5 

HVT7- 

i) 

P6 

= Pm(§) 

3 

5 

3 

5 

\ (v/13 — 

2) 


the vacuum) has the same maximum nonclassicality with re¬ 
spect to the nonclassical depth, which is not the case for the 
other discussed measures. 

A natural conjecture concerning basic properties of good 
nonclassicality measures can be formulated as follows: By 
comparing the values of such measures for a pair of arbi¬ 
trary states p' and p", one can order them uniquely. Specifi¬ 
cally, they should have the same degree of nonclassicality or 
one of them should be less nonclassical than the other ac¬ 
cording to all good nonclassicality measures. For example, 
if r(p') < t(p"), then the same inequality should also hold 
for other measures including the NP and D. However, one 
can falsify this conjecture by recalling a deeper relation be¬ 
tween some nonclassicality and entanglement measures and 
by referring to the works, where the relativity of entangle¬ 
ment measures has already been demonstrated f65l [69] ITTI - 
[73l . Here detailed comparisons, shown in Table III and Fig. 3, 
give evidence for this relativity even for nonclassicality mea¬ 
sures, which are not directly related to entanglement. 


TABLE III: Inequalities and examples of pairs of states (p n , pm) 
satisfying them. The states p n (with n = 1,..., 6) are defined in 
Table II and are plotted in Fig. 3. Some inequalities imply same or¬ 
derings, and others involve different orderings of single-qubit states 
by the nonclassical measures: depth r, distance D, and negativity 
potential NP. 


1 

t(pi) 

> 

r(p2) 

and 

D(pi) 

> 

D( P2 ) 

2 

t(Pi) 

= 

r(p 4 ) 

and 

D(pi) 

> 

D(pi) 

3 

r(p 4 ) 

> 

r(ps) 

and 

D(pi) 

= 

D( P3 ) 

4 

r(p 2 ) 

< 

r(p 4 ) 

and 

D(p 2 ) 

> 

D( P i) 

5 

r (pi) 

> 

r(p2) 

and 

NP(pi) 

> 

NP (pa) 

6 

T (Pi) 

= 

r(p 4 ) 

and 

NP(pi) 

> 

NP (p 4 ) 

7 

t(Pa) 

> 

T(P2) 

and 

NP (p 4 ) 

= 

NP (pa) 

8 

t(Ps) 

< 

r(p 4 ) 

and 

NP(p 5 ) 

> 

NP (p 4 ) 

9 

NP(pi) 

> 

NP (pn) 

and 

D(pi) 

> 

D(p 2 ) 

10 

NP(p 2 ) 

= 

NP (p 4 ) 

and 

D(p 2 ) 

> 

D{pa) 

11 

NP(pr) 

> 

NP(pa) 

and 

D(pi) 

= 

D{pz) 

12 

NP(pe) 

< 

NP(p 4 ) 

and 

D(pe) 

> 

D{ P i) 


IV. CONCLUSIONS 

Various measures of the amount of nonclassicality have 
been proposed with respect to the definition of nonclassicality 
based on the nonpositivity of the P function. Here we have 
applied the following measures to quantify the nonclassical¬ 
ity of single-qubit states: the Lee nonclassical depth r, the 
Hillery nonclassicality distance D, and the entanglement po¬ 
tentials NP and CP. 

We have found analytical expressions for these measures 
for the simplest nontrivial example of single-qubit photon- 
number states. These formulas clearly show the relativity of 
ordering states with nonclassicality measures, as summarized 
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in Tables I and III. Only the CP and nonclassical distance were 
found to be equivalent. 

Further, we have found maximally and minimally nonclas¬ 
sical states by comparing any two of these measures. Surpris¬ 
ingly, statistical mixtures of states can be more nonclassical 
than their superpositions. Indeed, mixed states are the most 
nonclassical if one considers the nonclassicality distance for a 
given value of either the nonclassical depth or of the NP in the 
whole range [0,1] of the abscissa, as well as the NP versus the 
nonclassical depth r such that r > tq, where To = 0.3154 ..., 
as shown in Fig. 1. However, there are partially mixed states, 
which have the NP for a given value of r £ [0, To) slightly 
larger than for completely mixed states, as shown in Figs. 1(b) 
and 2(a). 

Both of our results, concerning (i) the relativity of order¬ 
ing states with nonclassicality measures and (ii) the nonclas¬ 
sicality of mixed states exceeding that of superposition states, 
are a consequence of the nonequivalence of some of the most 
popular measures of nonclassicality, including the nonclassi¬ 
cal depth, nonclassical distance, and NP. There are also equiv¬ 
alent measures, including the nonclassical distance, CP, and 
the potential for the entanglement of formation, as given by 
Eq. ( p0| . Clearly, the above mentioned counterintuitive prop¬ 
erties do not appear for such equivalent measures. 

We found that the nonclassical distance D, as defined for 
the specific choice of the reference classical states, corre¬ 
sponds to the CP for arbitrary single-qubit states. This result 
shows an operational interpretation of this nonclassical dis¬ 
tance as the potential for the entanglement of formation. 

The present analysis can be extended to similar compara¬ 
tive studies of other quantitative measures of nonclassicality 
of single-, two-, and multimode systems. In particular, one 
can focus on the comparative approaches to quantify the non¬ 
classicality of correlations as listed in, e.g.. Ref. |74l . 

We believe that our study could further stimulate interest 
in the nonclassicality measures applied to finite-dimensional 
systems in finding their general properties including their op¬ 
erational interpretations. 
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Appendix A: Proofs for boundary states 


Here we prove that completely mixed states pm, pure states 
Pp, and partially mixed states, p opt and p + , are the boundary 
(or extremal) states shown in Figs. 1 and 2. Specifically: 

(1) The upper bound in Fig. 1(a): As r(p) > D(p) holds 
for any single-qubit p as given in Eq. ( |27| , then it is seen that 
this bound is reached by the completely mixed states p\j, for 
which it holds t(pm) = £>(pm)- 

(2) The upper bound in Figs. 1(b) and Fig. 2(a) was ob¬ 
tained numerically by maximizing a single-variable function 
of the NP, given in Eq. (14 1 with \x\ 1 2 = p — p 2 /t, for a given 
t. In particular, the completely mixed states pm correspond to 
this upper bound for t > tq. Indeed, p\] satisfy the Karush- 
Kuhn-Tucker (KKT) conditions, as can be shown analogously 
to the method applied for the two-qubit measures of entangle¬ 
ment and Bell nonlocality l67l |68] [70l. We note that these 
KKT conditions correspond to a refined method of Lagrange 
multipliers ED. 

(3) The upper and lower bounds in Fig. 1(c): The area in the 
relation between the nonclassical distance (or, equivalently, 
CP) and NP of arbitrary single-qubit states is the same as the 
area in the relation between the concurrence and negativity of 
arbitrary two-qubit states. As shown in Ref. im the two- 
qubit pure states and the Horodecki states are the extremal 
states for the concurrence versus negativity, but these states 
can be generated from the pure and mixed single-qubit states, 
respectively, as discussed in Sec. III.A. Thus, the pure and 
mixed single-qubit states are the extremal states for the rela¬ 
tion between the nonclassical distance and NP. 

(4) The lower and right-hand bounds in Figs. 1(a) and 1(b) 
are implied from the property that all these measures have 
their values in the range [0,1]. 

This concludes our proofs of the boundary states. 


[1] A. Einstein, Uber einen die Erzeugung und Verwandlung des 
Lichtes betreffenden heuristischen Gesichtspunkt (On a Heuris¬ 
tic Point of View Concerning the Production and Transforma¬ 
tion of Light), Ann. Phys. 17, 132 (1905). 

[2] J. von Neumann. Mathematical Foundations of Quantum Me¬ 
chanics (Princeton University Press, Princeton, NJ, 2006). 


[3] A. Einstein, N. Podolsky, and B. Rosen, Can Quantum- 
Mechanical Description of Physical Reality Be Considered 
Complete?, Phys. Rev. 47, 777 (1935). 

[4] E. Schrodinger, Discussion of Probability Relations between 
Separated Systems, Proc. Camb. Phil. Soc. 31, 555 (1935). 

[5] V. Dodonov and V. Man'ko, Theory of Nonclassical States of 




11 


Light (Taylor & Francis, New York, 2003). 

[6] J. Perina, Z. Hradil, and B. Jurco, Quantum Optics and Funda¬ 
mentals of Physics (Kluwer, Dordrecht, 1994). 

[7] M. A. Nielsen and I. L. Chuang, Quantum Computation 
and Quantum Information (Cambridge University Press, Cam¬ 
bridge, UK, 2000). 

[8] R. Horodecki. P. Horodecki, M. Horodecki. and K. Horodecki, 
Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009). 

[9] N. Lambert, Y.N. Chen, Y.C. Chen, C.M. Li, G.Y. Chen, and F. 
Nori, Quantum biology. Nat. Phys. 9, 10 (2013). 

[10] C. M. Li, N. Lambert. Y. N. Chen, G. Y. Chen, and F. Nori, 
Witnessing quantum coherence: From solid-state to biological 
systems, Sci. Rep. 2, 885 (2012). 

[11] R. J. Glauber, Coherent and Incoherent States of the Radiation 
Field, Phys. Rev. 131, 2766 (1963). 

[12] E. C. G. Sudarshan, Equivalence of Semiclassical and Quantum 
Mechanical Descriptions of Statistical Light Beams, Phys. Rev. 
Lett. 10. 277 (1963). 

[13] W. Vogel and D.-G. Welsch, Quantum Optics (Wiley-VCH, 
Weinheim, 2006). 

[14] T. Richter and W. Vogel. Nonclassicality of Quantum States: 
A Hierarchy of Observable Conditions, Phys. Rev. Lett. 89, 
283601 (2002). 

[15] M. Hillery, Nonclassical distance in quantum optics, Phys. Rev. 
A 35, 725 (1987). 

[16] V. V. Dodonov, O. V. Man’ko, V. I. Man’ko, and A. Wiinsche, 
Hilbert-Schmidt distance and non-classicality of states in quan¬ 
tum optics, J. Mod. Opt. 47, 633 (2000). 

[17] A. Wiinsche, V. V. Dodonov, O. V. Man'ko, and V. I. Man'ko, 
Nonclassicality of states in quantum optics, Fortschr. Phys. 49, 
1117 (2001). 

[18] P. Marian, T. A. Marian, and H. Scutaru, Quantifying nonclassi¬ 
cality of one-mode Gaussian states of the radiation field, Phys. 
Rev. Lett. 88, 153601 (2002). 

[19] P. Marian, T. A. Marian. H. Scutaru. Distinguishability and 
nonclassicality of one-mode Gaussian states, Phys. Rev. A 69, 
022104 (2004). 

[20] V. V. Dodonov and M. B. Reno, Classicality and anticlassicality 
measures of pure and mixed quantum states. Phys. Lett. A 308, 
249 (2003). 

[21] A. Mari, K. Kieling, B. M. Nielsen, E. S. Polzik, and J. Eis- 
ert. Directly Estimating Nonclassicality. Phys. Rev. Lett. 106, 
010403 (2011) 

[22] C. T. Lee, Measure of the nonclassicality of nonclassical states, 
Phys. Rev. A 44. R2775 (1991). 

[23] N. Liitkenhaus and S. M. Barnett, Nonclassical effects in phase 
space, Phys. Rev. A 51, 3340 (1995). 

[24] C. T. Lee. Moments of P functions and nonclassical depths of 
quantum states, Phys. Rev. A 45, 6586 (1992). 

[25] J. M. C. Malbouisson and B. Baseia. On the measure of non¬ 
classicality of field states, Phys. Scr. 67. 93 (2003). 

[26] D.N. Klyshko. The nonclassical light. Physics - Uspekhi 39, 
573 (1996). 

[27] A. Kenfack and K. Zyczkowski, Negativity of the Wigner func¬ 
tion as an indicator of non-classicality. J. Opt. B 6, 396 (2004). 

[28] C. Gehrke. J. Sperling, and W. Vogel, Quantification of non¬ 
classicality, Phys. Rev. A 86, 052118 (2012). 

[29] W. Vogel, and J. Sperling, Unified quantification of nonclassi¬ 
cality and entanglement, Phys. Rev. A 89, 052302 (2014). 

[30] M. Mraz, J. Sperling, W. Vogel, and B. Hage. Witnessing the 
degree of nonclassicality of light, Phys. Rev. A 90. 033812 
(2014). 

[31] W. Vogel. Nonclassical correlation properties of radiation 
Fields. Phys. Rev. Lett. 100, 013605 (2008). 


[32] A. Miranowicz, M. Bartkowiak, X. Wang, Y. X. Liu, and F. 
Nori, Testing nonclassicality in multimode fields: A unified 
derivation of classical inequalities. Phys. Rev. A 82, 013824 
( 2010 ). 

[33] M. Bartkowiak, A. Miranowicz, X. Wang, Y.X. Liu, W. Leon- 
ski, and F. Nori, Sudden vanishing and reappearance of nonclas¬ 
sical effects: General occurrence of finite-time decays and peri¬ 
odic vanishings of nonclassicality and entanglement witnesses, 
Phys. Rev. A 83, 053814 (2011). 

[34] E. Shchukin and W. Vogel, Inseparability Criteria for Contin¬ 
uous Bipartite Quantum States, Phys. Rev. Lett. 95, 230502 
(2005). 

[35] A. Miranowicz and M. Piani, Comment on “Inseparability Cri¬ 
teria for Continuous Bipartite Quantum States,” Phys. Rev. Lett. 
97. 058901 (2006). 

[36] H. Haseler, T. Moroder, and N. Liitkenhaus, Testing Quantum 
Devices: Practical Entanglement Verification in Bipartite Opti¬ 
cal Systems. Phys. Rev. A 77, 032303 (2008). 

[37] A. Miranowicz, M. Piani, P. Horodecki, and R. Horodecki. In¬ 
separability criteria based on matrices of moments, Phys. Rev. 
A 80, 052303 (2009). 

[38] J. K. Asboth, J. Calsamiglia, and H. Ritsch, Computable mea¬ 
sure of nonclassicality for light, Phys. Rev. Lett. 94, 173602 
(2005). 

[39] S. Meznaric, S. R. Clark, and A. Datta. Quantifying the Non¬ 
classicality of Operations, Phys. Rev. Lett. 110, 070502 (2013). 

[40] N. Lambert. C. Emary, Y. N. Chen, and F. Nori, Distinguishing 
quantum and classical transport through nanostructures. Phys. 
Rev. Lett. 105. 176801 (2010). 

[41] C. Emary, N. Lambert. F. Nori, Leggett-Garg Inequalities, Rep. 
Prog. Phys. 77, 016001 (2014). 

[42] A. I. Lvovsky and J. H. Shapiro, Nonclassical character of sta¬ 
tistical mixtures of the single-photon and vacuum optical states, 
Phys. Rev. A 65. 033830 (2002). 

[43] K. E. Cahill and R. J. Glauber, Ordered expansions in boson 
amplitude operators, Phys. Rev. 177, 1857 (1969). 

[44] J. Spanier, and K. B. Oldham. An Atlas of Functions (Hemi¬ 
sphere, Washington/Springer. Berlin, 1987). 

[45] A. Peres, Separability Criterion for Density Matrices, Phys. 
Rev. Lett. 77, 1413 (1996). 

[46] M. Horodecki. P. Horodecki, and R. Horodecki, Separability of 
mixed states: necessary and sufficient conditions, Phys. Lett. 
A 223. 1 (1996). 

[47] K. Audenaert, M. B. Plenio, and J. Eisert. Entanglement Cost 
under Positive-Partial-Transpose-Preserving Operations, Phys. 
Rev. Lett. 90, 027901 (2003). 

[48] S. Ishizaka, Binegativity and geometry of entangled states in 
two qubits, Phys. Rev. A 69. 020301(R) (2004). 

[49] C. Eltschka and J. Siewert, Negativity as an Estimator of En¬ 
tanglement Dimension, Phys. Rev. Lett. Ill, 100503 (2013). 

[50] K. Bartkiewicz, J. Beran, K. Lernr, M. Norek, and A. Mira¬ 
nowicz, Quantifying entanglement of a two-qubit system via 
measurable and invariant moments of its partially-transposed 
density matrix, Phys. Rev. A 91, 022323 (2015). 

[51] W. K. Wootters, Entanglement of Formation of an Arbitrary 
State of Two Qubits, Phys. Rev. Lett. 80, 2245 (1998). 

[52] M. Hillery, Total noise and nonclassical states, Phys. Rev. A 39, 
2994 (1989). 

[53] D. Bures, An extension of Kakutani’s theorem on infinite prod¬ 
uct measures to the tensor product of semifinite w*-algebras, 
Trans. Am. Math. Soc. 135. 199 (1969). 

[54] C. W. Helstrom. Minimum mean-squared error of estimates in 
quantum statistics, Phys. Lett. A 25, 101 (1967). 

[55] I. Bengtsson and K. Zyczkowski, Geometry of Quantum States: 



12 


An Introduction to Quantum Entanglement (Cambridge Univer¬ 
sity Press, Cambridge, UK, 2006). 

[56] A. Uhlmann, The “Transition Probability” in the State Space of 
a *-Algebra, Rep. Math. Phys. 9, 273 (1976). 

[57] K. Bartkiewicz, K. Lemr, and A. Miranowicz, Direct method 
for measuring of purity, superfidelity, and subfidelity of pho¬ 
tonic two-qubit mixed states, Phys. Rev. A 88, 052104 (2013). 

[58] S. L. Braunstein and C. M. Caves, Statistical Distance and the 
Geometry of Quantum States, Phys. Rev. Lett. 72. 3439 (1994). 

[59] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight, Quan¬ 
tifying Entanglement, Phys. Rev. Lett. 78, 2275 (1997). 

[60] P. Marian and T. A. Marian, Bures distance as a measure of 
entanglement for symmetric two-mode Gaussian states, Phys. 
Rev. A 77, 062319 (2008). 

[61] P. Zanardi, M. G. A. Paris, and L. C. Venuti, Quantum criticality 
as a resource for quantum estimation, Phys. Rev. A 78. 042105 
(2008). 

[62] A. B. Klimov, L. L. Sanchez-Soto, E. C. Yustas, J. Soder- 
holm, and G. Bjork. Distance-based degrees of polarization for 
a quantum field, Phys. Rev. A 72, 033813 (2005). 

T63] S. Kullback Information Theory and Statistics (Wiley, New 
York, 1959). 

[64] V. Vedral and M. B. Plenio, Entanglement measures and purifi¬ 
cation procedures, Phys. Rev. A 57, 1619 (1998). 

[65] A. Miranowicz and A. Grudka, A comparative study of relative 
entropy of entanglement, concurrence, and negativity, J. Opt. B 
6,542(2004). 

[66] A. Miranowicz and S. Ishizaka, Closed formula for the relative 


entropy of entanglement, Phys. Rev. A 78, 032310 (2008). 

[67] A. Miranowicz, S. Ishizaka, B. Horst, and A. Grudka, Com¬ 
parison of the relative entropy of entanglement and negativity, 
Phys. Rev. A 78. 052308 (2008). 

[68] B. Horst, K. Bartkiewicz. and A. Miranowicz, Two-qubit mixed 
states more entangled than pure states: Comparison of the rela¬ 
tive entropy of entanglement for a given nonlocality, Phys. Rev. 
A 87, 042108 (2013). 

[69] A. Miranowicz and A. Grudka, Ordering two-qubit states with 
concurrence and negativity. Phys. Rev. A 70. 032326 (2004). 

[70] K. Bartkiewicz, B. Horst, K. Lemr, and A. Miranowicz, Entan¬ 
glement estimation from Bell inequality violation, Phys. Rev. A 
88,052105 (2013). 

[71] J. Eisert and M. Plenio, A comparison of entanglement mea¬ 
sures, J. Mod. Opt. 46, 145 (1999). 

[72] A. Miranowicz, Violation of Bell inequality and entanglement 
of decaying Werner states, Phys. Lett. A 327, 272 (2004). 

[73] A. Miranowicz, Decoherence of two maximally entangled 
qubits in a lossy nonlinear cavity, J. Phys. A 37. 7909 (2004). 

[74] T. Nakano, M. Piani, and G. Adesso. Negativity of quantumness 
and its interpretations, Phys. Rev. A 88, 012117 (2013). 

[75] S. Boyd and L. Vandenberghe, Convex Optimization (Cam¬ 
bridge University Press, Cambridge, UK, 2004). 

[76] F. Verstraete, K. M. R. Audenaert, J. Dehaene, and B. De Moor, 
A comparison of the entanglement measures negativity and 
concurrence, J. Phys. A 34, 10327 (2001). 



